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Abstract— The spread of a pathogen within an 
anthropized crop plot depends on many factors acting at 
contrasted spatio-temporal scales. This is of paramount 
importance for vine and powdery mildew, one of its 
airborne pathogen. We aimed at developing a coupled 
PDEs-ODEs model for plant-pathogen interactions at the 
plot scale level in order to assess the effects of various 
host heterogeneities on the epidemic spread.  

Keywords-component; plant-pathogen; heterogeneous 
plot; PDE-ODE; simulations. 

 

I.  INTRODUCTION 
Current strategies for crop protection generate 

complex and controversial issues both on the human 
health and the environment. Growers are now 
constrained to significantly reduce the use of fungicides 
(Directive 1107/2209/ EU). However, up to now, 
because of the important efficiency of these fungicides 
at reducing epidemics, systems based on the 
development of innovative control methods have not 
been much developed and evaluated. 
Modeling is a key approach to improve the 
understanding of host/pathogen dynamical interactions, 
to rank known factors that initiate the development of 
an epidemic and to test strategies to control and reduce 
its spread. In the powdery mildew/grapevine 
pathosystem, we hypothesized that dynamical changes 
in crop structure and susceptibility should be 
considered as key factors for explaining variability in 
the severity of epidemic behavior ([1; 2]).  
We therefore devised epidemiological simulation 
models coupling grapevine growth with the dispersal 
and disease dynamics of the pathogen, to evaluate the 
ability of the host development to modify fungal 
epidemics.  
The first model we developed was a complex discrete 
mechanistic architectural model at the plant scale that 
explicitly incorporates both the host growth and the 
development and dispersion of the pathogen [1]. The 
model strengthens observed experimental results about 
the effects of the rate of leaf emergence and of the 
number of leaves at flowering on the severity of the 

disease [3]. But it also underlines strong variations of 
the dynamics of the disease depending on the vigour 
and indirectly on the climatic scenarios by altering the 
synchronism between the disease and the production of 
susceptible organs.  
The second model was a compartmental SEIRT model 
at the plant scale based on a system of ordinary 
differential equations (ODEs). Host growth is handled 
as a logistic increase of the foliar surface before and 
after shoot topping. The ontogenic resistance of the 
leaves is also taken into account. In [4], we 
investigated the ability of this mathematical model to 
retrieve the main dynamics of the disease for several 
vine growth scenarios. Using the outputs of the 
discrete model to calibrate the parameters of the 
SEIRT model, the host growth and the disease 
development was correctly reproduced with a small 
computing time compared to the discrete one.   
Extension of the ODEs SEIRT model at the plot scale 
is more straightforward than that of the discrete one. In 
this work we shall devise a Reaction-Diffusion system 
at the plot scale coupled to ODEs at the plant scale.  
A partial differential equations (PDEs) model for a 
homogeneous plot was introduced in [5] to study the 
influence of a dual dispersal mechanism (short range 
and long range dispersal of spores) on the disease 
propagation. In Burie et al. [6], we showed that the row 
structure of vineyards had an influence on the disease 
spatial spread. The PDEs model considered there was 
devised from a rather qualitative point of view and was 
somewhat lacking biological realism. Typically, 
experimental results in [3] indicate that the speed of 
propagation of the disease is higher along the direction 
perpendicular to rows than along rows, a contradiction 
to numerical experimentations from [6]. 
In this work, we shall improve the realism of the model 
in [6] by adding a finer description of the spore 
dispersal process and also by using more biologically 
relevant parameters. Then, using numerical simulations 
one shall explore the influence of heterogeneities 
within the plot and the plant (e.g. vigour) and between 
plots (e. g. phenology, density of plantation, spatial 
organization) on the epidemics development, and also 
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the influence of the density of the initial inoculums. 
Finally, we shall include the description of fungicide 
treatments in the model and test the impact of the 
treatment timings on the epidemic. 

 
In the following, we will first present the model and 

briefly outline some of its mathematical qualitative 
properties (Section II). Then through numerical 
experiments we shall explore the evolution of the 
disease according to the climate and the vigour for 
heterogeneous plots. A first approach of the use of 
fungicides is introduced (Section III). 

 

II. MODEL DESCRIPTION 
A model for the interaction of powdery mildew and 

vine growth at a single plant scale has been proposed in 
[1]. It describes the plant architecture accurately, as 
well as the spread of the pathogen. This very detailed 
model takes into account the 3D development of each 
organ and each infectious event.  
At the plot scale the number of plants becomes too 
large to describe in detail each event. Devising an 
architectural model for each plant would require a huge 
computational time. An alternative approach is to use a 
continuous model for the leave surface or for the 
density of leaves, i.e. the leaf surface area per unit of 
ground surface (also called leaf area index), with 
respect to its epidemiological state and its location in 
the plot. One could also consider the leave density per 
area of volume. For a single plant, Burie et al. [4] 
proposed a system of ordinary differential equations of 
SLIRT type (Sensitive, Latent, Infectious, Removed, 
ontogenic resisTant) .  
One shall devise a SLIRT system of ODEs describing 
the evolution of the leave density coupled with a 
system of PDEs describing the spread of spores. This is 
an improved version of [6] that includes new features 
considered in [4] at the plant scale, i.e. ontogenic 
resistance (age-related resistance) and shoot topping. 
Moreover, the spore dispersal description has been 
refined to take into account a barrier effect due to the 
leaves. This barrier effect could explain that the disease 
propagation speed is lower along vine rows than across 
rows. The model also allows considering 
heterogeneous plots in space (variation of growth, of 
phenology and of crop structure), with some 
agricultural practices occasionally dependent of space 
and time. 
Overall, the model is an improved combination of 
models in [1], [4] and [6] to which we refer for 
additional details.  

 

A. Modeling 
The development of a powdery mildew epidemic at 

the plot scale requires taking into account the spore 
dispersal between plants. The disease cycle is the 
following (see Figure 1 for a schematic representation 
of the model): susceptible leaves (denoted by S) 
inoculated with spores first become latent (L), then turn 
infectious (I) and produce spores during some 
infectious period after which they are removed (R) as 
they cannot be infected again.  In addition, susceptible 
leaves become resistant to inoculation because of their 
age (T).  

 

 
Figure 1.  Flow chart of the model system. 

The total density of leaves is,   

€ 

N = S + L + I + R +T. 
The disease has no significant impact on the plant 
growth. Thus one assumes a logistic growth,  
 

€ 

d
dt
N(x, t) = α(x, t)N(x,t) 1− N(x,t)

k(x,t)
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ ,  

with parameters α > 0 and k > 0. These coefficients 
depend on the spatial location x and can be impacted by 
agricultural practices such as shoot topping. Shoot 
topping will first suppress part of the leaves and then 
induce a sudden change of the growth rate of the plant. 
Hence, we set  

€ 

α(x, t) =
α0(x) before shoot topping
α1(x) after shoot topping,
⎧ 
⎨ 
⎩ 

k(x, t) =
k0(x) before shoot topping
k1(x) after shoot topping.
⎧ 
⎨ 
⎩ 
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The airborne spores densities (with respect to ground 
unit) are structured according to their range of dispersal, 
short ranged spores density is denoted by US and long 
ranged one by UL.   
This leads to the following ODEs system for leaves, 
parameterized by x in some spatial domain Ω,   
 

€ 

d
dt
S(x, t) = − eSδSUS (x,t) + eLδLUL (x,t)( ) S(x, t)N(x, t)

+αN(x,t) 1− N(x,t)
k

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ −

1
m
S(x, t)

d
dt
L(x, t) = eSδSUS (x, t) + eLδLUL (x, t)( ) S(x,t)N(x,t)

−
1
j
L(x,t)

d
dt
I(x, t) =

1
j
L(x, t) − 1

i
I(x, t)

d
dt
R(x, t) =

1
i
I(x, t)

d
dt
T(x, t) =

1
m
S(x, t).

 
Airborne spores land on plants at short range and long-
range deposition rates δS > 0 and δL > 0. Due to their 
longer air borne transportation time and to the reduction 
of spore viability due to UV, long-range spores have a 
smaller efficiency of infection than the short-range 
ones, i.e. 0 < eL < eS.  
 

Partial differential equations are used to describe the 
airborne dispersal of the pathogen, [5,6].  
Spores are torn off from a colony of fungus by wind 
gusts. Spores are produced by infectious leaves at a rate 
γ > 0. Each emitted spore has a probability f(N) ∈ [0,1] 
to be of short-range type and thus a probability (1 − f 
(N)) to be of long-range type.  
Spores move according to a Fick’s law diffusion with 
diffusion coefficients DL > DS > 0. For long range ones 
the action of dominating winds is taken into account by 
adding a convection term with velocity V.  
Dispersal parameters, diffusion coefficients as well as 
deposition rates, depend on the total leave density N as 
one expects the spore dispersal to be more difficult 
when the leave density is larger. This yields a model 
system, 

 

€ 

∂tUs(x,t) =∇. DS (N)∇US (x,t)( )
−δSUS (x,t) + γ f (N)I(x, t)

∂tUL (x,t) =∇. DL (N)∇UL (x,t)( ) −V (x, t).∇UL (x,t)
−δLUL (x, t) + γ 1− f (N)( )I(x,t).

 
This model system is supplemented with initial 

conditions S0, L0, I0, R0, T0 and Us
0, Ul

0.  Homogeneous 
Dirichlet boundary conditions are assigned for US and 

UL on the boundary of a much larger spatial domain 
than the crop plot, Ω, at hand, see [6]. At shoot topping 
(removal of leaves) another set of initial conditions has 
to be given. 
As in [6], the row structure of the plot is handled by 
setting N=S=L=I=R=T=0 for x corresponding to any 
location outside rows. As a consequence plant densities 
as well as dispersal parameters are spatially 
discontinuous functions in general.  

Finally, fungicide treatments are modelled by 
altering coefficients linked with the infection (eS and eL) 
for some duration, and/or the sporulation rate (γ) 
depending on the fungicide type. 

 

B. Qualitative properties 
From a mathematical analysis point of view, the 

first thing to be checked is the well posedness of the 
model system that is the model system possesses a 
unique component wise nonnegative solution defined 
for all time. This can be achieved through lengthy 
calculations, see [7].  

As in [6], one can look for the long-term behaviour 
of the solution. As time goes to infinity, 
(US,UL,S,L,I,R,T) converges a.e. to (0,0,0,0,0,R*,T*) 
with R*(x)+T*(x)=k(x). 

 
In the homogeneous case (all parameters 

independent of x) as in [4], due to the ontogenic 
resistance of the disease and the host growth, the leave 
density is not a constant and the proportion of 
susceptible density also varies. Therefore, instead of the 
basic reproduction number, we again consider the 
effective reproduction number and introduce,   

€ 

Reff (t) := iγ es f (N(t)) + el (1− f (N(t)))( ) S(t)N(t)
. 

In the heterogeneous case, this number depends on x. 
For the simulations (section 3.3), we will consider at the 
plot scale,  

€ 

Rplot (t) =
1

Area(Plot)
Reff (x, t)dx.

Ω

∫
 

 
 

III. NUMERICAL ISSUES 
The architectural model describing the growth of 

one plant and the propagation of the pathogen within 
this plant and its porting on the Open Alea platform [1; 
8] provides us with the following data: 
1. The daily number of leaves with their age and 

epidemiological status, the amount of spores that 
propagate within the canopy and the amount that 
escapes. These data will allow us to calibrate the 
continuous model for each plant (see subsection 
III.B). 
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2. The percentage of surface of each type of leaves 
(S, L, I, R or T) cut at each cultural management 
event such as pruning or topping (see Table I). 

3. The age and the geometry of each organ.  
 

TABLE I.  PERCENTAGE OF THE SURFACE OF SUSCEPTIBLE, 
LATENT, INFECTIOUS, REMOVED AND RESISTANT LEAVES CUT AT 

SHOOT TOPPING IN THE ARCHITECTURAL MODEL. 

Year Topping 
day 

Inoculation 
day 

%S %L %I %R %T 

1998 169 115 70 7 5 62 14 
 169 131 70 9 0 44 0.2 

 
It takes an average time of half an hour for the airborne 
spores to fall over the plant. Hence we set the 
deposition rates to be 

€ 

δS = δL = 50 day-1. 
The standard deviation of the distribution of fallen 
spores emitted from a single source by the dispersal 
model is given by  

€ 

σ =
D
δ
. 

The diffusion coefficients are chosen in such a manner 
that the long-range dispersion is  

€ 

σL = 20 m, DL = 20000 m2day-1, 
and the short-range dispersion is 

€ 

σS = 2 m, DS = 200 m2day-1. 
One vine stock covers a surface area of 0.4 m2 (width 50 
cm and length 80 cm), we have set the short distance 
dispersal coefficients so that that the spores disperse 
within the vine stock. 

A barrier effect is taken into account for the short-
range dispersal: the diffusion decreases with leaves 
density. The expression of this diffusion function is not 
clear; we will perform several tests with a logarithmic, 
polynomial or exponential decay. We then choose 
coefficients following [9; 10]: for x ∈ Ω and t > 0,  

€ 

DS (N) = 200, 200
1+ log(1+ N)

,  200
1+ N 2  or 200exp(−N 2),

DL (N) = 20000,
f N(x, t)( ) = N(x,t) / 1+ N(x,t)( ).

 

 

A. Time and space discretizations 
We consider a semi-implicit scheme for the time 

discretization. Let Δt > 0 be the time step and set,  

€ 

Y n (x) =Y (x,  nΔt). 
Our numerical scheme reads as follows.  

 

€ 

US
n+1 =US

n + Δt ∇.[  DS (Nn+1)∇US
n+1( ) −δSUS

n

+γf (Nn )In ]
UL

n+1 =UL
n + Δt ∇.[  DL (Nn+1)∇UL

n+1( ) −δLUL
n

−V n .∇UL
n + γ (1− f (Nn ))In ]

 

€ 

Sn+1 = Sn + Δt −[ eSδSUS
n + eLδLUL

n( ) S
n

N n

+αNn 1− N
n

k
⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ −

1
m
Sn ]

Ln+1 = Ln + Δt eSδSUS
n + eLδLUL

n( )[ Sn

N n −
1
j
Ln ]

In+1 = In + Δt 1
j
Ln+1 −

1
i
In

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

Rn+1 = Rn +
Δt
i
In+1

Tn+1 = Tn +
Δt
m
Sn+1.

 

 
For spatial discretization, we use a second order 
splitting method to separate the advection-reaction-
diffusion equations into an elliptic part and a transport 
one. A finite volume method is used to solve the elliptic 
equation, [11]. On the other hand, the transport equation 
is dealt with a WENO5 scheme, [12]. 
In each case, a Cartesian grid of the spatial domain is 
chosen. The length and width of the computational 
domain are three times larger than those of the plot, see 
[6]. 
 

 
Figure 2.  Simulated plot. 

Remark 3.1: Qualitative behavior of continuous 
solutions have to be preserved by the discrete solution 
given by the numerical method. 
1. The plot is made of rows of plants. Outside of these 

rows there is no plant and our numerical method 
allows keeping the density of leaves at zero there 
(see Figure 2). The finite volume method is well 
adapted to handle piecewise discontinuous 
diffusion coefficients, [11].  
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2. As in the continuous case (subsection II.B), the 
approximate solution remains nonnegative. 

3. Simulations are performed with Dirichlet boundary 
conditions. To reduce the impact of reflections at 
the boundaries of the domain, we used a 
computational domain in which the distance 
between the plot and the boundary of the domain is 
large enough. More realistic boundary conditions, 
such as absorbing ones, could be used to take into 
account the output and input of spores in the 
domain. 
 

B. Calibration at the plant scale 
The architectural model provides daily data for the 

density of susceptible (age less than m days) (SA), latent 
(LA), infectious (IA) and removed leaves (RA) at the 
plant scale. The amount of spores propagating inside 
the plant as well as of those outgoing from the plant is 
also available, giving US;A and UL;A respectively. We 
aim to minimize the functional,  

 

J(θ) =
1
2

||Y (θ,t) −YA (t) ||
L2 (Ω)

2

t=0

T

∑

=
1
2

Y (θ,t) −YA (t)( )
Ω

∫
2
dx,

t=0

T

∑
 

 
where Y is a solution to the system,   

∂tY = F(x,t,Y,∇Y,θ )

Y (t = 0) = Y0,
 

YA is the output of the architectural model and θ =(γ, α, 
k) are the model parameters to be calibrated. Other 
parameters are fixed for this work.  
The minimum of J is achieved when its gradient 
vanishes. This gradient reads, 
 

∇J(θ) =
∂F(x,t,Y,θ)

∂θ

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
t

λ(x,t)dx
Ω

∫
t=0

T

∑
 

 
wherein λ is a solution to the backward system of 
partial differential equations,  

−∂tλ =
∂F(x,t,Y,θ)

∂Y

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
t

λ(x,t) + (Y −YA ),
 

for t in [0,T], with the final condition at t=T, 
 λ = (λ1,λ2,λ3,λ4,λ5,λ6,λ7)(t = T) = 0. 

 
One can show λ is a solution of an adjoint problem, 

a backward system made of five ODEs and two PDEs 
quite similar to the original (primal) one. The same 
discretization is used to perform the simulation of the 
adjoint problem. 

 
 
 

Algorithm: 
 

While ||∇J(θm)|| ≥ ε or m ≤ Mmax do 
 

1. Solve the primal problem Ym(x,t,θm). 
2. Solve the adjoint problem λm(x,t,θm).  
3. Solve the gradient: for 

θ m+1 = θ m − ρm

∂F
∂θ m

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 
t

λm . 

end while 
 

 
The model simulation starts at the day of primary 

infection. At shoot topping the various compartments of 
leave densities are updated to take into account the 
amount of foliar surface cut  (see Tables III and IV).  

In Table II and Figure 3, we present some results 
obtained with the above procedure for year 1998. The 
simulations start at day 115 with 

S0 =15, L0 = 25,

I0 = R0 = T 0 =US
0 =UL

0 = 0. 
Simulations presented here are performed for a plot 
made of one single plant, i.e. a row of width 0.5 m and 
length 0.8 m with steps Δx = Δy = 0.1, Δt = 0.01. We 
choose,  

δS = δL = 50, eS = 0.01, eL = 0.005, i = j = m =10

DS (N) = 200

DL (N) = 20000.  
 

The rate of host growth (α), the carrying capacity (k) 
and production rate of spores (γ) are approximated with 
the above algorithm. 

 

 
Figure 3.  Evolution of the total leave surface area (cm²) with 

respect to day simulated by the architectural model (Na) and the PDE 
model (N), before and after shoot topping for the year 1998 and 

vigour 1 for early inoculation at the vine level. 
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TABLE II.  ESTIMATED PARAMETERS OF THE RATE OF HOST 
GROWTH (α), THE CARRYING CAPACITY (K) AND PRODUCTION RATE 

OF SPORES (γ). 

Year Vigour Inoculation 
day Before shoot topping 

   α k γ  
1998 1 115 0.77 15944 742  

    
After shoot topping 

   α k γ  
   0.073 78748 905  

 
Simulations with different levels of vigour, various 

climates and agricultural practices, will allow us to set 
simulations at the plot scale. This plot will be composed 
of plants whose individual dynamics are similar to the 
ones of the architectural model. 

 
Remark 3.2:  Other parameters, namely (DS, DL, f(N), 
eS, eL), difficult to determine from the experiments or 
from the architectural model, can be calibrated using 
this kind of method.  
 

C. Numerical simulations at the plot scale 
Simulations start at day of primary inoculation. We 

therefore start with I0 = R0 = US
0 = UL

0 = 0. Other initial 
data are given by outputs of the architectural model (see 
Table III). 

TABLE III.  INITIAL DATA FOR THE INOCULATION SOURCE. 

Year Inoculation day S0 L0 T0 
1998 115 15 25 0 

 131 444 20 151 
 

TABLE IV.  INITIAL COEFFICIENTS ACCORDING TO VIGOUR. 

Year Vigour Before shoot 
topping 

After shoot topping 

  αα k  α  k   
1998 1 0.17 15000  0.05  80000  

 0.6 0.17 15000  0.02  50000  
 0.2 0.17 15000  0.003 16000  

 
Simulations presented here are performed with a plot 
composed of 50 rows of width 0.5 m and length 98.4 m 
with 1.5 m inter-rows. The number of plants per row is 
123, making a total of 6150. We then define the 
computational domain as [0, 295.5] x [0, 295.2], and 
steps Δx = Δy = 0.1, Δt = 0.01 until the 241th day. Here 
the infection starts at the plot center and we choose 
 

δS = δL = 50, eS = 0.01, eL = 0.005, i = j = m =10

DS (N) =
200

1+ N 2

DL (N) = 20000.

 

 
Figure 4 shows numerical results obtained for the 

year 1998 with three levels of vigour 1, 0.6 and 0.2 for 
the whole plots. Simulations at the plot scale are 
presented in Figure 6. The diseased surface density is 
defined by M=L+I+R. 

 
As for the architectural model, the development of 

the disease depends on the plant vigour, the greater the 
vigour the greater the disease. This is well illustrated by 
the computation of the effective reproduction number at 
the plot scale Rplot, (see section II), which gives a 
synthetic view of the relationship between host growth 
and the disease. Rplot decreases during the growing 
season but can rise up after shoot topping when the 
vigour is high with an increase rate of secondary shoots 
development.  
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Figure 4.  Evolution of the total leaf surface area (N), diseased 

surface area (M), and the effective reproductive number (Rplot) with 
respect to day simulated by the PDE model, for the year 1998 and 

three levels of vigour (1, 0.6, 0.2) for early inoculation (day 115), for 
the whole plot. 

To take into account the use of fungicides, we 
decrease infection efficiency and sporulation rate 
during the 10 days that follow the fungicide application. 
Two strategies are tested: a fungicide application 10 
days before shoot topping (around flowering time) and 
an application at shoot topping (Figure 5).  

 

 
Figure 5.  Evolution of the total diseased surface area (M) with 

respect to day depending on the application of one fungicide, 
simulated by the PDE model for the climatic scenario 1998, vigour 

0.6 and for early inoculation (day 115), for a fungicide application 10 
days before shoot topping or 10 days after shoot topping. 

From the results, it seems that it is more efficient to 
use the fungicide just before the shoot topping. 

 
Remark 3.3: Other simulations can be performed with: 

1. Variation of the size of rows and inter-rows. 

2. Heterogeneous patches of various vigours and 
phenology. 

3. Plots with different locations of primary 
inoculum sources. 

 

IV. CONCLUSION 

The model proposed in this paper is a further step 
towards a realistic description of plant-pathogen 
interactions at the plot scale. Taking into account 
heterogeneous plots as well as climate and agricultural 
practices can perform relevant simulations. Various 
heterogenities on plot can be designed to estimate their 
influence on the epidemics propagation. In a future 
work, we plan to do a further comparison with 
experiments and a sensitivity analysis. 

On the other hand, the numerical method allows 
using varying infection parameters. Then evaluation of 
control methods for the use of fungicides is made 
possible. 
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Figure 6.  Evolution of the diseased area (M=L+I+R) at the plot scale with respect to day simulated by the PDE model, for the year 1998, vigor 1 and for 
early inoculation (day 115). 
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